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MATH 960: PROJECT V
DUE: MAY 11"

Let K: X — Y be compact and x,, — x weakly in X. Prove thatlim,, | Kx,—Kx| =
0.

Let X be a separable reflexive Banach space, Y is a Banach space and K : X —
Y be a linear operator, so that whenever x;,, — x weakly, then Kx;, converges
strongly. Prove that K : X — Y is compact (and then it follows that Kx, — Kx by
the previous problem).

Let K : [0,1] x [0,1] — € be so that [ [/ K(s, )[?dsdt < oo and K(s, ) = K(t,5).
Show that the corresponding Hilbert-Schmidt operator Tk : I2[0,1] — L2[0,1]

1
Txf (1) = fo K(s,0)f(s)ds

is self-adjoint. In addition, prove that its eigenvalues and eigenvectors A, x; :
Txxj=Ajxj, x|l =1 satisfy

K(s,) =) _Ajx;(s)xj(1).
J
Let T : H — H be self-adjoint operator on the Hilbert space H, T = 0 and T? is
compact. Prove that T is compact as well.
Hint: Use that for Q = T2, there is a complete orthonormal basis {x,} and eigen-
values 1, = 0 (why?), so that

Qx= Z An{x, Xn) Xp.

n=1

Then, show that Tx = limN_,OOZf;’:l \//1_,1 (X, X)X, where the limit is to be un-
derstood in the operator norm.

(J .L. Lions lemma) Let X ¢ Y c Z are three Banach spaces, so that i : X —
Y,i(x) = xiscompactand j: Y — Z, j(y) = y is continuous. Prove that for every
€ >0, there exists Cg, so that for every u € X,

lully =elullx + Cellull z-
Hint: Argue by contradiction. That is, there exists €y > 0, so that for all n, there is
X, € X, so that
Ixnlly 2 €oll xnllx + nllxpll 2.

Consider yy, := 35—

Prove that for every € > 0, there is Cg, so that

max |u(x)| < e max |u' ()| + Cellull p110,1)-
x€[0,1] x€[0,1]

1
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Hint: Use J.L. Lions lemma. You have to note in advance that

C'0,1]={f:[0,11 =€ £, f €CI0O, 1151 flcro1 = sup |f )|+ sup [f(x)I.
x€[0,1] x€[0,1]

is compactly embedded in CJ[0, 1] (by Arzela-Ascoli, why?)

(7) Let T: H — H is self-adjoint. Prove that A € p(T) (i.e. AI - T) is invertible) if and
only if there exist! closed subspaces Hj, H», so that Hy, H, are T invariant, with
H = Hy & H,, so that

sup (Tx,x)<A< inf (Tyy)
lxll=1,x€ Hy lyl=1,ye H,

Hint: For the sufficiency, use that o(T) = o(T1) Uo (T2), where T = T| H;-
For the necessity, consider a continuous function,

1 x<Al-¢€
fl(x)_{ 0 x>A+e¢

and f>(x) =1- fi(x). Note fi, fo € C(o(T)) :sz(x) =fix),xeo(T) for0<e<<1.
Take the projections P; = f;(T) and

Hj::Pj[H].

Alternatively, for the necessity, we might show that (T — AI) is invertible on H;
and on H» by using the result stating that o (M) < [inf =1 {(Mx, x), supj=1{Mx, x)]

Lt is allowed that H=¢orH,=9¢



