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1 Chapterl

1.1 Metric and Banach spaces

We start with a few definitions
Definition 1. We say that (X,d) is a metric space, if d : X x X — Ry, with the following
properties

1. d(x,y)=0andd(x,y) =0 ifandonlyifx=y

2. dx,y)=d(y,x)

3. (triangle inequality) d(x,z) < d(x,y) +d(y, z).
We say that U c X is an open set, if for every x € U, thereis ane > 0, so that x € B¢(x) ={y €
X:dy,x)<e}cU.

The collection T = {U < X : U — open} is called a topology on X.

Definition 2. We say that the sequence {x,}, < (X,d) is a Cauchy sequence, if for every
€ >0, thereis N, so that whenever n > m > N, there is d(x,, X;) <€.

Note: Every convergent sequence is Cauchy.

We say that the metric space (X, d) is complete, if every Cauchy sequence is convergent.
Note: In order to show that a Cauchy sequence is convergent, it suffices to find a convergent

subsequence.



Definition 3. Let X be a vector space, i.e. the operations x+y and ax (where x, y are vectors

and a is a scalar) a are well-defined. A function || - || : X — Ry is called a norm on X, if

1. |xll=0andlx||=0ifandonlyifx=0
2. llax|l = lalll x|

3. (triangle inequality) |x + yll < x|l + I yl.

A vector space with a norm (X, || - 1) is called a normed space. A normed space (X, | - I,

which is complete in the metric d(x, y) = |x — y| is called a Banach space.

A few examples:

e [P 1< p<oo,

1
P = {x: (xn)C’)/lO::l Hlxll = (Z |xn|p)p }
n=1

e For a measure space (M, du), LP(M,du),1 < p < oo,
1
p
L”(M,d,u)z{f:M—»R:llflI = (fle(x)lpdu) }

« [®(M,dp),

LM, dw) ={f : M —R:IIfll:=esssup{| f(x)|: x € M}.

1.2 Compactness

Definition 4. We say that K c (X, d) is compact, if every open cover K < UaU, has a finite

subcover, i.e. there exists ay,...,ay, so that K c uﬁ.vleaj.

We say that K c (X, d) is sequentially compact, if every sequence {x,} in K has a conver-

gent subsequence converging to x € K. We say that K is precompact, if K is compact.



Proposition 1. Let (X, d) be a complete metric space. Then, K c (X, d) is compact if and

only if K is sequentially compact.

Equivalently, K c (X,d) is pre-compact if and only if every sequence {x,} in K has a

convergent subsequence.

In specific cases, one can characterize compactness efficiently.

1.2.1 Compactsin € (X,C)

Let (X, d) be a compact metric space. Introduce the space of continuous functions on X

€ (X,C)={f:X—C: fiscontinuous, | f|l =sup|f(x)[}.
xeK

Theorem 1. (Arzela-Ascolli)

The subset K < 6 (X, C) is pre compact if and only if

1. K is bounded, i.e.

sup |l fl <oo.
feK

2. K is equi-continuous. That is, for every € > 0, there exists 6 > 0, so that for each
x,x' € X:d(x,x") <6,
sup|f(x) - f(x)l<e.
fek
1.2.2 Compacts in ¢, [ spaces

Theorem 2. K c [”,1 < p < oo is pre-compact if and only if

1. K is bounded, i.e.

sup [l x|l;» < oo.
xeK

2. Foreverye >0, there exists N, so that

o0
sup Y lxplP <e.
xeK n=N
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K c ¢y, 1 is pre-compact if and only if

1. K is bounded, i.e.

sup [ x|l ¢, < oo.
xeK

2. Foreverye >0, there exists N, so that

supsup |x,| <e.
x€K n=N

1.3 Bounded linear operators

Definition 5. Let (X, | -|1), (Y, |- I) be normed spaces. A bounded linear operator A: X — Y
is said to be bounded, if | Ax|ly < Cllxl x.

Proposition 2. Thespace B(X,Y) ={A: X — Y; A— bounded linear operator} can be made
a normed space via the norm

A XII

IAll = sup [Ax| = sup
lxl=1 ixizo Ixl

Note the inequality || Ax|l < [ Allllx]l.

1.3.1 Finite dimensional spaces

We say that X is finite dimensional, if X = spanley, ey, ...,e,] and {e; ] , is linearly inde-

pendent. In such case dim(X) := n.

Theorem 3. All normson X are equivalent. That is, for any norm | x|| on X, thereisaC > 1,

so that C™'|lx|l < l|xll1 < Cllx|l, where | Z7_, Ajejll = £_, 1A1.

In other words, X is isomorphic to R” or C”. Thus, the compactness is the same, so the

Heine-Borel theorem holds

Corollary 1. K c X, with dim(X) = n is compact if and only if

1. K is bounded



2. K isclosed.

The next theorem states that this previous result characterizes finite dimensional spaces.

Theorem 4. Let (X, || - ||) be a normed space. Then, the following are equivalent

1. dim(X) <oo
2. Bx={xe€ X:|x|| =1} is compact.

3. Sx={xeX:|x|| =1} is compact.

1.3.2 Quotient spaces

Let (X, |- II) be anormed space, Y c X, Y is a closed subspace. Then, define equivalence

relation x; ~ x2 : x; — x2 € Y. This introduces equivalence classes [x] = {Xx € X : X ~ x}.

Lemma 1. The quotient space X1Y = {[x] : x € X} is a normed space, under the norm
Il{x]ll = inf [lx + yIl.
yeyYy

Moreover, if X is a Banach space, then XY is Banach space as well.

1.4 Dual spaces

Definition 6. For a normed space (X, | - ||), we say that its dual space is X* = L(X,R). That

is, X* is the space of continuous linear functionals on X.
Examples:

e Hilbert space H, with a dot product (x, y). Its dual space can be identified with

itself?.

This is in essence the Riesz representation theorem, see below



e LP(M,du),1 < p <oo. The dual space is (L”(M,du))* = L9(M, du), where % +% =1.

Moreover, every A € (LP (M, du))* has the form
Af=];fgdmg€lﬂmmduLMHmm*=thq

In particular, (IP)* = 19,1 < p < oo, +% =1.

T =

* ¢o={x=(xp)5, : limy xp, =0, xll¢, = sup,, |x,l}. Its dual is ca‘ =11,

e (I1)* = I°°. Note however that (I°°)* D I!.

1.5 Hilbert spaces

Definition 7. Let H be a real vector space. If a bilinear form {-,-) : Hx H — R has the

properties
* (x,x)=0and(x,x)=0, ifand only ifx=0
* (=X

then we say that (-,-) is a dot product on H.

In this case define | x|| := v/(x, x). In order to check it is defining a norm on H, we need

the following lemma.
Lemma 2. o [{x, I = lxllllyll (Cauchy-Schwartz inequality)
o llx+yl=lxli+lyll
Note that the Hilbert space norm satisfies the parallelogram identity
-+ yIZ + e = yIIZ = 20060 + 1 y1%).

Theorem 5. (Riesz representation theorem)

Let (H,<:,-)) be a Hilbert space. Then for any bounded linear functional A on H, there

exists an unique y € H, so that Ax = (x, y). Moreover, | Allg+ = || yll. In other words, H* = H.
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Definition 8. Let S c H, H - Hilbert space. Orthogonal complement is
St={xeH:(x,y)=0VyeS}.
Note that S* is always a closed subspace of H.

Definition 9. We say that a Banach space X is a direct sum of two subspaces X = Y1 & Yo, if
inY=gandXcVi+Yo={y+y:y;j€Y;,j=12}

Note that in such case, for every x € X, there is unique pair y, € Y1,y2 € Ys, so that x =
yitye.

Proposition 3. Let H be a Hilbert space and E c H is a subspace of it. Then

H=EeE"*.

1.6 Baire category theorem

Definition 10. Let (X, d) be a complete metric space. Then,
e Aiscalled nowhere dense, if In t(A) = @.
* Aiscalled meager, if Ac U‘]’F;IA j» where Aj are nowhere dense.
e Q is called residual, if Q° is meager.

Note that if A is meager, then A is also meager. Q is residual, if Q > m‘;‘;lU j» where U; are
open and dense. These are called G sets.

Theorem 6. (Baire category theorem)

Let (X, d) be a metric space. Let {U j}‘]’.‘il be a family of open and dense sets. Then n‘]’.‘il Uj

isadense setin X.

Corollary 2. Let (X, d) be a metric space. Then,
» IfQ isresidual, then Q) is dense.
o X # U‘]’F;IFJ-, where F; is nowhere dense. Moreover, Int(u‘]?ile) =@.

The way this is used in practice is as follows: If X = U‘]?‘; Fj and Fj are closed, then there
exists jo, so that Int(Fj)) # @.



2 Chapter Il

2.1 Uniform boundedness principle

Theorem 7. (UBP)

Let (X, ||-1I) and (Y;, |- |I;) are Banach spaces, i € 1. Suppose that A; : X — Y; are bounded
linear operators. Suppose that for every x € X, the orbit{A; x} is bounded. Thatissup; | A; x| <
oo. Then,

sup |A;ll <oo.
1

Corollary 3. Suppose that (X, |- ) and (Y;, |- 1;),i € I are Banach spaces. Suppose that

sup; llA; | = co. Then, there exists x € X, so thatsup;.; |l A; x|l = oco.

Another result, which is very useful in the application is the Banach-Steinhaus theorem.

Theorem 8. (Banach-Steinhaus)

Let X,Y are Banach spaces and A,, : X — Y is a sequence of bounded linear operators, so

thatlim,, A,x exists for every x. Then

* sup, [[Axll <oo

e AX:=lim, A,x is a bounded linear operator

2.2 Open mapping theorem

Definition 11. We say that a mapping f : X — Y is open, if for every open set U c X, f(U)

is open.

Theorem 9. (Open mapping theorem)

Let X,Y are Banach spaces and T : X — Y is a bounded linear operator, which is onto,

i.e. T(X)=Y. Then, T is an open mapping.

One of the main applications is the inverse operator theorem.



Theorem 10. Let X,Y are Banach spaces and T : X — Y is a bounded linear operator,
which is a bijection, i.e. one-to-one and onto Then, the algebraically defined inverse oper-
ator T™!: Y — X is bounded.

Some corollaries are as follows.

Corollary 4. Suppose that X is a Banach space, so that X = X; @ X». Then, there exists a

constant c, so that for every x = x1 + xo,

lx1ll + llx2ll < cllxy + x2l.

2.3 Hahn-Banach theorem
Definition 12. Let X be a real vector space. We say that p : X — R is a quasi semi-norm, if
1. Foreach A >0, p(Ax) = Ap(x)
2. px+y) = px)+py).
If we have p(Ax) = |A|p(x) for each A € R, we say that p is a semi-norm.
Examples:
L. p(x) = llxl
2. For a convex set K c X, define its Minkowski functional
pi(x) =infla>0: 2 € K.

3. On I, p(x) =limsup,, x,.

Theorem 11. (Hahn-Banach theorem)

Let X be a real normed space and p : X — R be a quasi semi-norm onit. LetY c X be a
linear subspace and ¢ : Y — R is a linear functional, so that ¢(y) < p(y). Then, there exists

an extension ®: X — R, so that®|y = ¢ and ®(x) < p(x),x € X.
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Corollary 5. (Complex version)

Let X be a complex Banach space and Y < X be a linear subspace. Lety : Y — C be a
complex linear functional, so that |y (x)| < cllx|. Then, there exists an extension ¥ : X — C,

sothatV¥|y =y and|¥ (x)| < clx|, x € X.
Lemma 3. (Properties of the Minkowksi functional)

Let X be real topological vector space and K c X is a convex set, with 0 € Int(K). Then,
its Minkowksi functional

px(x) =inf{a>0: g € K}

satisfies p(Ax) = Ap(x) foreach A >0, px(x+y) < px(x) + px(¥).

2.4 Applications of Hahn-Banach theorem

2.4.1 Separation of convex sets

Theorem 12. (Hyperplane separation theorem) Let X be a real topological vector space
and K c X be convex and open subset. Then, for every y ¢ K, there exists a linear functional
A:X —RandceR, so that

supA(x) =c=A().
xeK

Theorem 13. (Separation of two convex sets )

Let X be a real topological vector space and A, B c X are convex subsets, so that Int(A) #

@ and AN B = @. Then, there exists a linear functional A : X — R and c € R, so that

supA(x)<c< Ji/relng(y)

X€A
2.4.2 Closure of a linear subspace
For any normed space X and its dual X*, introduce the notation

(x, x*y:=x"(x),

to denote the action of x* on x. Clearly, this allows us to view x € X < X™**, via the formula

x(x*) ={x, x™).
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Definition 13. For any X real normed vector space and any set S < X, define its annihilator
St={x*eX*:(sx*)=0, VseS}.
Note: S* is a always a closed linear subspace of X *.

Theorem 14. Let X be a Banach space, Y < X be a linear subspace, so that xo € X\Y. Then,

8 =dist(xg,Y) >0 and there exists x* € YL, so that | x*|| = 1, x* (xg) = 6.
Corollary 6. Foreveryxe€ X, thereisanx* € X*:||x*| =1, x*(x) = || x||.
Corollary 7. Let X be a Banach space, Y c X be a linear subspace, Then,

xeYV < (x,x*)=0,Vx* e Y'.

One might introduce for every S c X*, ST ={xe X:(x,s) =0, Vse S} In this case,
Corollary 7 reads
Y=uhHT'.

3 Weak and Weakx* topology

Let X be areal vector space and % be a collection of real-valued linear functionals. Define
the sets
Ve =i f7 @i, by): fi € F,a; < b}

Lemma 4. The set
Ug={UcX:VxeU,aVeVg,xeVCU}.

is a topology on X. In other words, Vg is a base for %z, while the sets {f 1 (a,b) : f € F,a <
b} are a sub-base for Uz .

The topology (X,% ) may be equivalently defined by saying that x, — x exactly when
f(xq) — f(x) foreach f € &.
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3.1 Weak topology on X

Definition 14. (Weak topology on X)

Let X real normed vector space and & = X*. The corresponding topology (X,%x~) is
called weak topology on X.

Equivalently, x, tends to x weakly (denoted x, — x), if for all x* € X*, x*(xq) — x™ (x).

Proposition 4. Weak topology is weaker than the strong topology, i.e. Ux+ < %).,. That is,

every weakly open set is strongly open. Equivalently, every strongly convergent sequence

is weakly convergent, i.e.

lxq — x| = 0= x4 — x.
Remarks: The generic converse is false.

e InlP,1<p<oo, e, —0,while | e,|| =1 (Exercise)

e In C[0,1], f, — f, if and only if sup,, Il fullcjo,1) < o0 and f,, tends to f point-wise.
(Exercise)

e InI”,1 < p<oo, x" — x if and only if sup,, [ x"|l;» < co and x}’ — x; for each k.

(Exercise)

Proposition 5. If%x+ = )., then dim(X) < oco.

For example S = {x € X : || x|l = 1} is always norm closed, if dim(X) = oo, one has that
S is not weakly closed, since 0 is in the weak closure of S. That is, if dim(X) = oo, there is

Xg | xqll =1, so that x, — 0.

The next result makes Proposition 5 ever more puzzling.

Theorem 15. (Shur’s theorem)

In I}, lim, | x" - x| p =0 ifand only if x,, — x.

Note: Why is this not a contradiction with Proposition 5?
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3.2 Weakx* topology on X"

Definition 15. (Weakx topology on X*)

Let X real normed vector space, consider X* and &% = X. The corresponding topology

(X*,%x) is called weakx topology on X™.
Equivalently, x,, tends to x* weakx (denoted x, — x*), if forall x € X, (x, x) — (x*, x).
Remark: If X is reflexive?, then weak and weak topologies on X* coincide.

Proposition 6. On X*, the weak= topology, (X*,%x) is weaker than the weak topology
(X*,% x++), which is weaker than the norm topology.

Proposition 7. Let X be a normed space and K < X is a convex subset. Then

K is closed if and only if K is weakly closed.

Lemma5. (Mazur’s lemma)

Let X be a normed space and x, — x. Then, x € conv{x,}. Equivalently, for alle > 0,

there exists N, A1 20,...,An = 0: 300, A =1, so that |x— XL, Ajx;lx <e.
Lemma6. Letx, — x or x, — x. Then, sup,, || x|l < oo and

x|l < liminf| x,]|.
n

For Hilbert spaces or more generally locally convex spaces, there is the partial reverse

as follows.

Proposition 8. Let X - Hilbert space or more generally locally convex space®. The following

are equivalent.

1. x;, — x andlim,, ||x,| = | x].

2. limy, |x, —x|lx=0.

2which happens exactly when X* is reflexive
3It turns out that these are always reflexive so the weak and weak* topologies coincide
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3.3 Banach-Alaoglu’s theorem

Here is a version of the Banach-Alaoglu’s theorem, which is particularly useful in the ap-

plications.

Theorem 16. Assume that X is a separable Banach space. Then, every bounded sequence
in X* has a weakx convergent subsequence. In other words, every bounded set is weak*

pre-compact*.

The full theorem is as follows.
Theorem 17. (Banach-Alaoglu’s theorem)

The unit ball Bx+ is weak+ compact. In other words, (Bx+,%x) is compact.

Remark: The theorem fails for the weak topology, unless the weak* topology coincides
with the weak topology. In fact (By+,%x++) is compact if and only if X is reflexive if and

only if X* is reflexive.

4 Fredholm theory

Definition 16. Let X,Y be normed spaces and A : X — Y be a bounded linear operator.

Define A* : Y* — X* by the assignment

(A*y*, x) = (y*, Ax)

We use the

Lemma 7. Let A: X — Y is a bounded linear operator. Then, A* € B(Y*,X*) and | A*| =
| All.

Lemma8. letA: X—Y,B:Y — Z. Then (BA)*=A*B* andI* = 1.

“Technically speaking, the claim is about weak* sequential pre-compactness. In view of the assumption
that X is separable, these two notions are the same.
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Examples:
1. A€ Mysm, A:R" —=R", A= (a;j)i<i<ni<j<m

m
(Ax); = Z ajxj.
j=1

Al= (aiji)lsisn,lstm, A:R" —R™.

2. AtlP > 12 (AX)p=Xps1,n=1,....

Then, (A*y)1 =0, (A*Y)n=yn-1,n=2,....

Theorem 18. Let A: X — Y. Then,

1. Im(A)* = Ker(A%)
2. tIm(A*) =Ker(A)
3. A has dense range if and only if A* is injective.
Note that if Im(A) is closed, then Im(A) =t Im(A)* = Ker(A*)*.
Example: A: 1212, (Ax), = x—n” is bounded operator, with dense image, but Im(A) C 12,

Lemma9. Let A: X — Y, x* € X*. Then, the following are equivalent (TFAE)

1. x*eIm(A")
2. There exists ¢ > 0, so that for each x € X,

I{(x™, x)| < cll Axlly.

4.1 Algebraic factorization of maps through invertible maps

Let X, Y be vector spaces and A: X — Y be linear map. Not all maps are (algebraically)

invertible, in fact A must be injective and surjective in order to be invertible.
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Introduce 7 : X — Xy := X/Ker(A), defined 7 (x) = [x] (Where [x1] = [x2] if X1 — x5 €
Ker(A)). Then, one can define Ap: Xp— Y.

Ao([x]) := Ax.

Clearly, this definition is independent on the representative. Also, Ay : Xo — Yy := Im(A).
Such a map is clearly invertible (Ay has Ker(Ag) = {0}, and Im(Ag) = Im(A) = Yp). Further-

more, the inclusion Yy = Im(A) € Y is denoted by i. So, one can factorize A=io Ago.

Question: When is such a map Ay continuous? When is its inverse continuous? What

does it mean in terms of estimates?
The following proposition provides the answers.
Proposition 9. Let X, Y be vector spaces and A: X — Y be linear map. Then, one has the

factorization

A=1ioAporm.
where Ay : X/ Ker(A) — Im(A) is invertible.

Suppose now that X,Y are normed vector spaces. If A is bounded, then Ay : Xo — Yo is

bounded as well and

| A Iy
| Ao ll B(xo, vp) = SUP -

< [Allpx,v)-
xex Infeegercay X +< | x

Theorem 19. (Closed Image Theorem)

Let A: X — Y be bounded linear map, A* : Y* — X*. TFAE
1. Im(A) =t Ker(A").

2. Im(A) is closed.

3. thereexists c >0, so that forall x € X,

inf [x+¢lx <clAxlly. (1)
(eKer(A)

4. Im(A*) = Ker(A)+
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5. Im(A*) is closed.

6. there exists ¢ >0, so that for all x* € X*,

inf  [x*+&"x <clA%x|y=.
{*eKer(A*)

Remark: These are all equivalent to Ag: Xo — Y has bounded inverse.

4.2 Some important corollaries from the Closed Image Theorem

Proposition 10. (see Corollary 4.1.17/page 172)

Let A: X — Y, X,Y-Banach. Then

* Aissurjective if and only if A* is injective and Im(A*) is closed. Equivalently,
Iy Iy < cl A" y*lix=.

e A* is surjective if and only if A is injective and Im(A) is closed. Equivalently,

Ixllx < cllAxlly.

A simple consequence is

2)

3)

Corollary 8. Let A: X — Y be a bounded linear operator. Then, A is a bijection if and only

if A* is a bijection.

4.3 Compact operators

Definition 17. Wesay thatK : X — Y is compact operator, if K(By) is precompact. Equiv-

alently, for every bounded sequence x,, {Kx,} has a convergent subsequence. In particular,

K is bounded.

A bounded operator A: X — Y is called afinite rank operator, if dim(Im(A)) < co. Note

that each finite rank operator is compact.
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Lemma 10. (Lemma 4.2.3/page 174)

LetK: X — Y be compact. Then, if x, — x, thenlim, || Kx, — Kx| = 0.

Exercise: Show that A is finite rank if and only if there exists x7, ..., xl*v e X*and y,...,yN€E
Y, sothatA:Zj.V:lx}'.‘QDyj or
N
Ax=)_ (x}'f,x>yj.
j=1
Also, check the exercises/examples on page 175.

Theorem 20. (Theorem 4.2.10/page 175) We have the following.

1. Let A: X — Y and B: Y — Z be both bounded. If one of them is compact, then

BA: X — Z is compact as well.
2. K,: X — Y are compact andlim,, | K;, — K| = 0. Then, K is compact as well.

3. K iscompact if and only if K* is compact.

4.4 Fredholm operators

Definition 18. Let A: X — Y be a bounded linear operator. As usual
Ker(A)={x:Ax=0lc X;Im(A) ={Ax:xe X} < Y,coKer(A) :=Y/Im(A).
If Im(A) is a closed subspace, then coKer (A) is a Banach space.

A is Fredholm, if dim(Ker(A)) <oo,dim(CoKer(A)) < oco. In this case, we introduce its
index
ind(A) =dim(Ker(A))—dim(CoKer(A)).

Examples:
1. fdim(X),dim(Y) <oo, thenany A: X — Y is Fredholm and
ind(A)=dim(X)—-dim(Y)

For X =Y =R" and A€ M, ;, this says ind(A) = 0. This is the rank-nullity theorem
(i.e. dim(Ker(A)) + dim(Im(A)) = n) in disguise. Why?
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2. if A: X — Y is a bijection, then ind(A) = 0.

Next is the duality theorem, which states that Fredholmness if preserved under taking

adjoints.

Theorem 21. Let A: X — Y is bounded operator. Then,

e IfA, A* have closed images, then

dim(Ker(A")) =dim(CoKer(A),dim(CoKer(A*)) =dim(Ker(A)).

e A is Fredholm if and only if A* is Fredholm. In that case,

ind(A)=—ind(A").

4.5 Some motivations

The first one is about matrices and a basic question in linear algebra. Let A € M, ,, so
that A:R"” — R"™, everything is real.

Question: When is the following linear equation
Ax=b,xeR", beR" 4)

solvable? This is clearly solvable if and only if b € Im(A). In finite dimensions, all sub-
spaces are closed, so we can use Theorem 20 to say Im(A) = Ker(A*)L. So, (4) is solvable

ifand only if b L Ker(A*). More specifically, we proved

Proposition 11. The equation (4) is solvable if and only if b L. Ker(A*). In particular, if
Ker(A*) = {0}, then (4) is solvable for each b € R"".

The other example is more sophisticated and it involves operator equations in the form

Id-K)f =g )

where K : X — X is a compact operator, X is a Banach spaces. We will show later that

such operators are Fredholm of index zero. In particular, Im(I — K) is closed. So,
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Proposition 12. The equation (5) is solvable ifand onlyifg L Ker(I-K*). IfKer(I-K*) =
{0}, then (5) is uniquely solvable.

Proof. Again, Im(I - K) is closed and so, Im(I — K) = Ker(I - K*)*. If Ker(I - K*) = {0},
then Im(I-K) = X, whence CoKer(I-K) = {0}, so codim(I-K) = 0. Since ind(I-K) =0,
it follows that dim(Ker(I — K)) =0, so Ker (I — K) = {0}. It follows that I — K is a bijection
and (5) is uniquely solvable. O

The results in Propositions Propositions 11 and 12, are typical to what is referred to

as Fredholm alternatives.

Example: Let K : [0, 1] x [0,1] — € is a continuous function. Then, the operator
1
K f(x) = f K(x,y) f(ydy: L*[0,1] — L?[0,1],
0

is compact. Thus, an equation in the form®

1
Af(x) —fo K, ) f(y)dy = g(x), (6)

where L € € and g € I2]0,1] has an unique solution if and only if Ker(A—.%*) = {0} or

- 1 -
Az(x)zfo K(y,x)z(y)dy,

has no solutions z € L?[0,1]. Why? Note the reversed role of (x,y) — (y, x), this is not a

typo.

4.6 Characterization of Fredholm operators

We start with an important lemma in the theory, which may be of independent interest.

Lemma 1l. (Lemma 4.3.9) LetD: X — Y, X, Y are Banach spaces.

Then, D has a finite dimensional kernel and closed image if and only if there exists a

Banach space Z and a compact operator K : X — Z, so that

lxllx = c(IDxlly + 1 Kxll 2). )

SThis is a toy version of something that appears very frequently in PDE theory!
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Here is the characterization of the Fredholmness. Roughly speaking, Fredholm opera-
tors are those that are invertible modulo compacts. Note the typo in the book, the partial
inverse F, mustbeF: Y — X instead of F: X — Y.

Theorem 22. (Theorem 4.3.8)

Let A: X — Y be a bounded linear operator, X, Y are Banach spaces. Then, the following

are equivalent.

1. Ais Fredholm

2. Thereexists abounded linear operatorF: Y — X, sothatldx—FA: X — X, Idy—AF :

Y — Y are both compacts.
Comments:

1. From the proof, it is clear that it is enough to assume that there are two (maybe
different ones), F;,F>: Y — X, so that Ix — F; A and Idy — AF, are compacts. This is

sometimes useful.

2. By Theorem 20, K(X) = {K: X — X, K — compact} is a closed, two side ideal, in the
algebra B(X). Thus, one may define the Calkin algebra

L(X) = B(X)/K(X),

In it, one may state the theorem as follows A is Fredholm if and only if [A] is invert-

ible in the Calkin algebra (with inverse [F] as in the theorem).

3. For every compact operator K : X — X, operators of the type Id - K : X — X is
Fredholm. Just apply the theorem with F = Id.

Exercise: If B: X — X is invertible and K : X — X is compact, then B — K is Fredholm.

The main focus this week is on how to compute the index.

21



4.7 Composition of Fredholm operators

Theorem 23. (Theorem 4.4.1) Let A: X — Y and B: Y — Z are both Fredholm. Then,
BA: X — Z is Fredholm and

ind(BA) =index(A) +ind(B)

4.8 Stability of the Freholm index

The following result is a basic result in the theory, stating that a small (in norm) pertur-
bation does not change the index and neither does perturbation by compact (even it is a

large compact operator).

Theorem 24. (Theorem 4.4.2) Let D : X — Y is Fredholm. Then

1. IfK: X — Y is compact, then D + K is Fredholm and
ind(D+K)=ind(D)

In other words, adding compact to a Fredholm preserves the Fredholmness and

keeps the index unchanged.

2. There exists a constant € > 0, so that whenever P : X — Y is a bounded operator,
IP|l <€, then D + P is Fredholm and ind(D + P) = ind (D).

In other words, the Fredholm operators are an open set in the space of bounded

operators B(X,Y) and ind : Fredholm — N is locally a constant. In fact,
Fredholms = Uy,czQy,

where eachset (), = {A: X — Y,ind(A) = n} isacomponent in the set of Fredholm

operators.

4.9 Applications

Immediately from the previous results, for each K : X — X compact, we have ind(I+K) =
ind(I)=0.
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Theorem 25. Let K: X — X be a compact operator. Then, for each A€ C,A1 #0,

1. dim(Ker(A—-K)) < oo.
2. dim(Ker(A-K))=dim(Ker(A—K"))
3. Suppose Ker (A —K) =1{0}. Then, (A1d — K) is invertible.

4. (Fredholm alternative) The equation
A-K)f=gf 88X 8)

has solutions if and only if g 1 Ker(A — K*). More specifically, If Ker (A — K) = {0},
then (8) is uniquely solvable, in fact f = (A—-K) g.

IfKer(A—-K) # {0}, let n = dim(Ker(A—K)) = 1. There exist xy,...,X, € X, a basis
of Ker(A—-K) and x7,...,x, € X* a basis of Ker (A — K*), so that (8) has solutions if
and only if(x}f,g) = 0. If this is satisfied, g € Im(A—K), A-K): X - Im(A-K) is

invertible and the general solution of (8) is in the form

f=A-K) g+ Y ujx;.
=1

Remark: The condition A # 0 is crucial. The theorem fails for A = 0.

5 Spectral theory

The first part is section 5.1 in the book (pages 198-202), which introduces the concept of
a Banach space over the complex numbers. I have mentioned several times how various
things work in that case. Bottom line is that all the theorems remain the same, includ-
ing property of norms, linear functionals, Hahn-Banach®, open mapping theorem, closed
graph theorem, inverse function theorem, Banach-Alaoglu theorem, Fredholm theory. 1

recommend you read these pages on your own.

6which needs a little extension from the real case, which I mentioned about in class
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5.1 Integration

We investigate the following:
Question: How does one integrate Banach space valued (B - valued) functions? How

much regularity does one need and what it means for B - valued functions?

A class that will be enough for our purposes is continuous functions, although there is

a notion of Riemann/Lebesgue integrable B - valued functions.

Lemma 12. (Integration of continuous functions, page 202) Let X be a Banach space (real
or complex) and x : [a,b] — X be a continuous B - valued function. Then, there exists an

uniqueé € X, so that ‘€ = f:x(t)dt’C Formally, for every x* € X*,
b
(x*,8) :f (x*, x(n)dt.
a

The approach above is very common in how one passes from B - space valued functions

to “regular” scalar valued functions. The next lemma is a prime example.

Lemma 13. Let X be a Banach space (real or complex), x,y : |a, b] — X are continuous B -

valued functions. Then,
1. (Linearity of the integral)

b b b
f(x(t)+cy(t))dt:f x(t)dt+cf y(t)dt.

b c b
f x(t)dt:f x(t)dt+f x(p)dt.
a a Cc

3. Let A: X — Y be bounded linear operator, then

2. Fora<c<b,

b b
Af x(t)dt:f Ax(t)dt.

4. (Fundamental theorem of calculus)
Let x : [a, bl — X be continuously differentiable, i.e. there is a continuous B - valued
function g(t), so thatlimy,_.q IIW — g0l =0 (and then x(t) = g(t)). Then,
b
f x()dt=x(b) - x(a).
a
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5. (change of variables formula )

Let¢: [a, Bl — la, b] be a differentiable and invertible transformation. Then

b p
f}'c(t)dt:f x(P(s)' (s)ds.
a a

6. (Triangle inequality for integrals)

b b
||f x(t)dtllsf lx(ldt

7. If
t
x(t):x0+f y(s)ds,
a

then x is continuously differentiable with x(t) = y(t).

Next topic is holomorphic B valued functions.

5.2 Holomorphic functions

Definition 19. Let Q c C be an open set, X is a complex Banach space, f : Q — X is contin-

uous. We say that f is holomorphic, denoted H(Q), if

flz+h) - f(2) .

X,
h

/ .
(z) :=lim

! h—0

exists and f': Q — X is continuous function.

Lety beaC! curveinQ, i.e. y:[a,bl — Q, y € C'(a,b)n Cla, b]. Then,
b
ff(Z)dz:zf )y (s)ds.
Y a

It is tempting to ask:
Question: Is it true that f is B valued holomorphic function if and only if z — (x*, f(2)) is

(scalar) holomorphic for each x* € X*

The next lemma shows that and it is in fact more general.
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Lemma 14. LetQ c C be an open set, X, Y are complex Banach spaces and A:Q — L(X,Y)
is a weakly continuous function, i.e. foreachx € X,y* € Y*, z— (y*, A(z) x) is continuous

function.

Then, the following are equivalent:

1. Ais holomorphic.

2. Foreachxe X,y* € Y™,
z—(y", A(2)x)

is holomorphic on Q.

3. (Cauchy theorem) For each zy € Q and ry > 0, so that B, (zp) € Q,

O AR = —— YLARN
211 Jiz—zpl=r  Z-@

z, 9)
foreachr:0<r<rpandw:|w—zy|<r.
Remarks:

» Formula (9) may be generalized to closed curves of index one around z.

e If you apply this to the mapping A(z) = f(2)x*, where f:Q — Y and x* is arbitrary
non-zero element of X*, we obtain that f : Q — Y is holomorphic if and only if f
is weakly holomorphic, i.e. for every y* € Y*, z — (y*, f(z)) is holomorphic. Also,
applying (9) to this, we obtain the Cauchy formula

1
flw)=— @)

27[1 |z—zg|=1 zZ—W

dz. (10)

Some exercises that are good results.

Proposition 13. Let X be a Banach space, f : Q) — X be holomorphic. Then,

1. f':Q— X isalso holomorphic.
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|
@[ LB an

270 Jiz=zg)=r (2= @)1

1
3. Let{an}, is a sequence of elementsin X. Suppose thatlimsup,,_, . lla,ll» < oo, so that

1
> 0.

p=" T
limsup,,_.o llanll™=

Then, the formula
o0
f@):=) anz",
n=0

defines a B valued function on the domain B, (0) c C. Also,

271 Jizj=r 2"*1

The function that we really want to consider is, for A € L(X), the operator valued func-
tion z — (z— A)~!, whenever it exists. This is called resolvent set p(A), which happens to

be open subset of C. It is also the complement of the spectrum o (A).

5.3 Spectrum

Definition 20. Let X be a complex Banach space and A € L(X) be bounded linear operator.

The spectrum is introduced as follows
0(A) ={1eC: (A - A) is not bijective/invertible}
Equivalently the resolvent set p(A) = C\ 0 (A) can be defined independently as

p(A) ={AeC: (A - A) is bijective/invertible}

Question: What are the reasons for A — A not to be invertible? It is either not injective
or not surjective or both. We then subgroup them in two distinct/disjoint subgroups as

follows - it is either A) not injective, or B) it is injective, but not surjective.

You can further group them in three distinct major groups(but be aware that there are
other ways to group them, which makes it so confusing!) - basically group B is split in

additional two groups. More specifically:
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1. Non-trivial kernel - Ker (A — A) # {0}, i.e. 1 — Ais not injective.
2. Ker(A—A) ={0}, but Im(A — A) is not dense in X.

3. Ker(A—A) ={0}, Im(A— A)isdensein X, but Im(A— A) # X = Im(1 - A).

The reasons for this split are historical and are partially motivated by the stability of these
parts of the spectrum under perturbations.
Eventually 0 (A) = Po(A) U Ro(A) U Co(A), as follows.

Definition 21. e Point spectrum - A — A is not injective or Ker (A — A) # {0}.

Po(A)={leC:Ker(A—-A) #{0}}.

¢ Residual spectrum Ker (A — A) = {0}, but Im(A — A) is not densein X.

Ro(A)={AeC:Ker(A—-A) ={0},Im(A - A) # X}.

* Continuous spectrum Ker (A — A) = {0}, Im(A — A) = X, but the image is not closed,
orIm(A—A)#Im(A-A) =X.

Co(A)={leC:Ker(A-A)={0,Im(A-A) #ImA-A) =X}.
Remarks:

¢ In finite dimensions A: X — X, dim(X) = n, 0(A) = Po(A), while Ro(A) = Co(A) =
@. Moreover, o (A) is a finite set
#0(A)<n

This is just the fact that a matrix A — A is non-invertible if and only if det(1 — A) = 0.

A is then called an eigenvalue. In this case,
o(A) ={1:det(A - A) =0},#0(A) =n,

if one counts eigenvalues with respective multiplicity.
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e X = I, For the shift operators A, B : I> — [? defined by Ax = (xp, X3,...), Bx = (0, x,...),

we have
o(A) = {A:A| =<1}, Po(A)={1:|A<1},Ro(A)=@,Co(A) ={A1:|A] =1}
oB) = {A:|A|<1},PoB)=@,Ro(B)={A:|1|<1},CoB)={A:|A| =1}

Remark: For A, eigenvectors are x) = (A,A2,..),IAl <1, so that Ax; = Ax,. For B, clearly

(A—B)x =0 implies x = 0.

Lemma 15. Let A: X — X be a bounded linear operator, A* : X* — X* is the dual operator.
Then

* 0(A) is a compact subspace of C

e 0g(A")=0(A)

Po(A*)cPo(A)UR0(A),Ra(A™) c Pa(A)uCao(A),Ca(A*) c Ca(A)
Po(A)c Po(A*)URo(A®),Ro(A) c Pa(A™),Ca(A) c Ro(A*)uCo(A™).

Proof. For the boundedness of 0 (A), we show that 0(A) c {A: || < || All}. Indeed, let A :
[A| > ||All. Then,
A-—A=AI-1"1A).

Since |[A71A| = % < 1,, the operator (I-A~! A) is invertible by von Neumann, see Lemma

22. It remains to show that o (A) is closed. It is equivalent to show that p(A) is open. This
is again Lemma 22. Indeed, let Ay € p(A). Then, forall A: [A — Ap| < m, we have by
Lemma 22 that

A—A=A=20)+No—A) = Ao-AUT+A- )Xo —- A7

Again, by von Neumann, if || (1 — A1¢) (Ao — A)7!| < 1, we have invertibility of 1 — A, so p(A)
is an open set.

2) follows from Corollary 8, which states that A € p(A) if and only if A — A is bijection, if
and only if A — A* is a bijection if and only if A € p(A*). O
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Next, we discuss the resolvent of A, whenever it is defined.

Lemma 16. Let X be a complex Banach space and A € B(X). Then p(A) is an open set and
define, for A € p(A),
Ry(A):=A-A)"

Then R : p(A) — B(X) is a holomorphic B(X) valued mapping, which satisfies the resol-
vent identity
Ry (A) =Ry (A) = (u— N Ry (AR, (A), A, € p(A). (12)

In particular, its complex derivative satisfies

R'(A) = =Ry (A)%.

Remark: Note that the resolvents commute, i.e. Ry (A)R;,(A) = R, (A)Ry(A), if we apply
(12) with p instead of A and A instead of p.

We first establish basic properties of spectra.

5.4 Spetral radius formula
We first define spectral radius.
Definition 22. For a bounded operator A € L(X), define its spectral radius

ra:=inf{u>0:0(A) c{z:lzl<u}} = sup |A|=0.
A€o (A)

Theorem 26. Let X be non-trivial complex Banach space and A € L(X). Then, o(A) is
non-empty and

. n l
ra= lim ||A"|".
n—oo

. e e o,
Remark: Part of the claim is that the limit lim,,_.o, || A”| » exists.
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5.5 Spectrum of compact operators

Most of the stuff here is already contained in Theorem 25, but some of the notions come

up for more general operators. Clearly,
Ker((AI-A)) cKer((AI-A)?) c...c Ker((?LI—A)k) c Ker((AI—- A)k+1) c...

Here, the elements Ker((A11— A)) are called eigenvectors, while the elements of Ker ((AI -
A)?) are all elements, which are either eigenvectors or (first generations) adjoint eigen-

vectors . Think Jordan normal forms
A1
so that e; € Ker(A — J), while e, € Ker((A— J)®)\ Ker(A - J) and so on. The generalized

eigenspace is
Ep(A) = U Ker (AL - A)Y).

If Ker((Al — A)X) = Ker((AI — A)¥*1), we say that it stabilizes and in fact Ey = Ker((AI —
A)¥). This does not have to happen for general A!

Theorem 27. (Spectrum of compact operators) Let X be a complex Banach space and A is

a compact operator on it. Then, o(A) \ {0} c Po(A) and

1. Forany A€ 0(K)\{0}, dim(E)) < oo and in fact there exists m, so that
Ker((AI-A)™) = Ker((AI-A)™1)
In such a case, E)(A) = Ker(AI - A)™) and

X=EyoIm(AI-A)™. (13)

2. Every non-zero eigenvalue is an isolated point in o (A).

5.6 Holomorphic functional calculus

We would like to define f(A) € L(X) for every holomorphic function f defined on Q, which

contains o (A).

31



Definition 23. For every curvey < Q, so that o(A) c Int(y), we require that for every A €

o(A), p
1 z
ind,(1) = — =1.

1 Y( ) 277:1 yz—/l

Then, for every f € H(Q), introduce

-1 _ Al
f(A):= 2m,fyf(z)(z A) dz

Remark: By the Cauchy theorem, the choice of curve y is non-essential, as long as the

condition i ndy(/l) =1forall A € 0(A) is satisfied.

Theorem 28. Let X be a complex Banach space and A € L(X). Then,
1. LetQ cC, so thato(A) c Q. Then, forevery f,g € H(Q),
(f +8)(A) = f(A) +g(A), (fg)(A) = f(Ag(A).

2. p2) = Z],XZO apzk, then p(A) = Z:o ap Ak,

3. Spectral mapping theorem
a(f(A) = fo(A).

4. f:Q—-U,g:U—C, f,g holomorphic, then

g(f(A) = (g f)(A).

5. Leto(A) = XyUZXy, where Xy and X, are disjoint. Define the holomorphic functions
folz, =1, folz, =0 and fi =1~ fo. Then, Py := fo(A), P1 = fi(A) are projections,
ie. sz. =Pj,j=1,2, PPy = P1Py =0 and they induce an A invariant decomposition
X=Xo® X1, Xj=P;(X), sothat Aj:= (zf})(A) = AP; : X; — Xj and 0(A}) =X ;.

5.7 Adjoint operators

We now specialize on operators on a Hilbert space. It is largely a repetition of the previ-

ously studied material, but now in the case of Hilbert spaces with complex scalars. One

32



subject, which is often subject of a lot of confusion, that I would like to discuss in detail, is

adjoint versus dual operators.

For complex matrices, on R”, we have two operations of adjoints - A” and A*. Namely,

if A= (aij);',szly
At = (ajl-)zj:l, A* = (aji)zjzl.

Thus, for the duality operation, (x, y) = 27:1 xjyj, we have (Ax, y) = (x, A'y), whereas for

the dot product (x, y) = Z;?Zl x;jyj, we have (Ax, y) = (x, A" y). Similarly for Hilbert spaces,

we have dual and adjoint operators. By Riesz representation theorem, one can define the

duality operation in terms of the dot product, as follows
x,y):=x7)

Definition 24. Let H, (-,-) be a complex Hilbert space. Recall its dot product is sesquilinear,
i.e. (a,Ab) = A(a,b). Then, given A € L(H), the adjoint operator is defined as the unique
operator A*, with

(Ax,y) = (x, A% y).

From now on, whenever we talk about Hilbert spaces, A* would mean the adjoint op-
erator, rather than the dual one (I wish the standard notation were A’ for the dual, say in

the previous chapter, but that is not the case!).

Next, here are some properties of the adjoint operator A*.

Lemma 17. (see Lemma 5.9, page 226) Let H be a Hilbert space and A € L(H). Then,

A" e L(H) and || A*| = | Al.

(AB)* = B* A*, (AA)* = 1 A*.

e A¥F = A.

Ker(A*) = Im(A)L, Im(A*) = Ker(A)*.

o(A")=0(A).
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5.8 Normal operators

Definition 25. Let H be a complex Hilbert space and A € L(H). We say that

e Aisnormal, ifAA* = A*A
o Aisunitary, if AA* = A*A=1Id or A*=A"L.

e Aisself-adjoint, if A* = A.
Note that every self-adjoint and unitary is normal as well.
Examples:

e Matrices A = (a,-j);?jzl with a;; = a;; are self-adjoint operators on C".

e A:12%[0,1] — L2[0,1], Ax(t) = f(£)x(t), where f is periodic continuous function.
M*x(t) = f(£)x(£). So, M is always normal and it is self-adjoint if and only if f is

real-valued.

1
e The double infinite space I* = {x = {x,}%_o : Xl = (£52_ 1%nl?)2} and the shift

operators (Sx)(n) = X,+1, (RX),, = X,—1. Note that S* = R,R* = S and
S8*=SR=1d=RS=S"S.
Thus, S, R are unitary operators on 12,
Exercise 1. Let A be self-adjoint. Then A =0 if and only if (Ax, x) =0 for all x.

Proposition 14. Let H be a complex Hilbert space and A € L(H). Then,

* Aisnormalifandonlyif||A* x| = | Ax| forall x€ H.
e Aisunitary, if | Ax| = |A* x|l = || x]|.

» Aisself-adjoint, if (Ax,x) eR forall x € H.

34



Theorem 29. (Spectrum of normal operators) Let H be a complex Hilbert space and A €

L(H) be a normal operator. Then,

1. |A™|| = ||Al" for every n e N.
2. ”A” = Sup/lEO-(A) |/",|.
3. Ro(A*)=Ro(A) =@, Po(A*) ={1: 1€ Pa(A)}.

4. If Ais unitary, then o(A) c{z:|z| = 1}.

Proof. 1) is easy, see page 229. 2) follows from it by the spectral radius formula. Part 3) is

also well done there. O

Lemma 18. Let A= A* on a Hilbert space and A # u € Pa(A), with corresponding eigen-
vectors x,y, i.e. Ax = Ax, Ay = py. Then, (x,y) =0.

Theorem 30. (Characterization of normal compact operators) Let H be a complex Hilbert
space and A € L(H) be a compact and normal operator. Then, there exists an orthonormal

sequence{ep}ner and A, i € I, so thatlim; A; =0 and

Ax = le,-(x, ei)e;.

iel
5.9 Spectrum of a self-adjoint operators

Theorem 31. Let H be a complex Hilbert space and A € L(H) be a self-adjoint operator.
Then,

1. (A <R
2. supo(A) =sup, = (Ax, x)
3. il’lfO'(A) = inf”x”:l(Ax, x).

4. Al = SUD ) x)|=1 |(Ax, x)|.

35



We would like to extend the functional calculus, in the case of a self-adjoint operator,
to the algebra of continuous functions. The idea is to construct, for a fixed self-adjoint
operator A on a Hilbert space H, an algebra homomorphism ® 4 : C(c(A)) — L(H), so that

D 4(ep) = A, where ep(x) = x.

5.10 Banach algebras

Definition 26. We say that a Banach space A is an unital Banach algebra, if in addition
to the operations addition and multiplication by scalar, there are the operations product
(a,b) — ab (and the unit element 1: al = 1a = a) and the star operation a — a*, with the
properties

labl < lalllbll, (ab)* = b*a*, 1" =1, (Aa)* = Aa*, a** = a,

and the star property

2
la*all = llall*.

A is called commutative, if ab = ba for all a,b € A.
Examples:

* C(K) - the continuous functions on a compact space K is commutative C* algebra.

e L(H), with the regular * operation of adjoints. This is highly non-commutative Ba-

nach algebra.

* the space 1M(Z) = {(x,)) p=—ooo & |1 x|l = o ool Xnl}, with the regular operations and a
product operation given by z = x.y
o0
Zf = Z Xk-nYn-
n=-o00

is a commutative Banach algebra (Check!).

5.11 Continuous functional calculus for self-adjoint operators

The next lemma begins to build the homomorphism @ 4, namely with the polynomials.
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Definition 27. Let A, B be C* algebras, and ® : A — B. We say that ® is C* algebra homo-
morphism, if
®(14) = 1p,@(ab) = D(a)@(b), P(a*) = P(a)”.

We now start building such ® on the algebra of continuous functions on o (A), C(o (A)).

5.11.1 The map ® 4 on polynomials

Lemma 19. Let H be a complex Hilbert space, A € L(H). For every p(z) =Y.} _, aiz~,

n
pA) =Y apAfe L(H)
k=0

has the properties

(p+q)(A) =plA)+q(A),pq(A) =pA)q(A),pla(A) =a(p(A),lIpAl = ASUP Ip(A)].
eo(A)

The next technical result is the (general) Stone-Weierstrass theorem.

Theorem 32. (Stone-Weierstrass) Let M be a Hausdorf compact space and A < C(M) be a
subalgebra, with the following properties

1. 1e A

2. A separates points on M, i.e. for every x,y € M,x # y, there exists f € A, so that
f) # f(y).

3. Ais closed under conjugation, i.e. if f € A, then f € A.

Then, A is dense in C(M).

5.11.2 The construction of the map ® 4: C(X) — L(H)

Theorem 33. Let H be a complex Hilbert space, A € L(H) be self-adjoint operator, i.e. A=

A*. LetZ = 0(A). Then, there exists a bounded, complex linear operator
©4:C(X)— LH), f — f(A),

so that
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* Product ®4(1) = Id, fg(A) = f(A)g(A).

* Conjugation f(A) = f(A)*

e Normalization If f(1) = A, then f(A) = A

* Isometry || f(A)|l = sup s | f(A)]

e Commutative If AB = BA, then f(A)B =Bf(A) forall f e C(Z).

* Image
o :={f(A):feClo)=n{B:B C algebrac L(H), Ac B}

* Eigenvector If Ax = Ax, forsome Al € C and x € H, then f(A)x = f(A)x.
e Spectrum [ (A) is normal for all f € C(Z), o(f(A)) = f(o(A)).

e Composition For f € C(Z,R), g€ C(f (X)), go f(A) = g(f(A)).

5.11.3 Square roots

Definition 28. We say that A € L(H) : A= A* is positive semi-definite, if (Ax,x) = 0. We
denoteit A= 0.

We have the following theorem.

Theorem 34. Let H be a complex Hilbert space and A= A*. Let f € C(o(A)). Then,
1. f(A) = f(A)* ifand only if f(o(A)) cR.
2. Assume f(o(A)) cR. Then, f(A) =0 ifandonlyif f = 0.
3. A=0 ifand only if there exists B = B*, so that A= B?.

Proof. The proof of 1) is easy, see p. 245. For 2), we have

inf (f(A)x,x) =info(f(A)) =inffO(A)) = inf f(A)

llxll=1
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So, f(1) = 0ifand only if f(A) = 0.

For 3), assume that A = 0. Then, o(A) c [0,00). Then, consider the function f(1) = VA,
which is well-defined. Then, B := f(A) € L(H). Also, since f?(1) = A,

B*=f?(A) = A.
The reverse direction is easy, since if A = B?,

(Ax, x) = (B’x,x) = (Bx, Bx) = | Bx||*> = 0.
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5.12 Spectral Measures

Assume H is a nonzero complex Hilbert space and A € L°(H) is a normal operator, then
the spectrum X = 0(A) c C. This section is to assign to A a Borel measure on X with values

in the space of orthogonal projections on H, called the spectral measure of A.

When A is compact, the spectral measure of A assigns to each Borel set O c Z the pro-

jectionPo:= > Py.
Aeg(ANQ

Definition 29. (Projection Valued Measure) Let H be a complex Hilbert space, let ~ c C
be nonempty and closed, and denote by 9 < 2* the Borel o -algebra. A projection valued
Borel measure on X is a map Q) — Pq, where Pq is a bounded complex linear operator on
H and satisfies

(Projection) ForV Q c Z, Pé =Pq=P].

(Normalization) Py =0 and Py = 1.

(Intersection) If Q,,Q, c %, then Pq,nq, = Pa, Pa, = Pa,Pq,.

(o-Additive) If (Qj)jen € Z, Q;iNQj =@ fori # j and Q = u‘l?‘__’lQi, then Pox =

n—oo

n
lim ) Pq,x forallxe H.
i=1

For every nonempty compact Hausdorff space X, define
B(Z) ={f:Z — C|f is bounded and Borel measurable}. (14)
Itis a C* algebra with the norm | f|| = sup|f(1)| for f € B(Z).
AeX

Theorem 35. Let H,X, 98 be as in Definition 29. B(Z) is defined in (14). For x,y € H, define
the signed Borel measure iy, : 98 — R by

Hx,y(Q) =R{x, Pqay). (15)

Then for each f € B(X), 3! operator ¥ (f) € L°(H) such that forall x,y € H,
(x,\I’(f)y):fzﬂ?fdux,y+lemfdux,iy. (16)
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The map V¥V : B(X) — L°(H) is a C* algebra homomorphism and a bounded linear operator
ando (Y (f)) c f(2).

Proof. Denote ./ (Z) by the Banach space of signed Borel measure p: 8 — R with ||ul| =
SUpqe g (1(Q) — u(Z\Q)). The proof has five steps.

Step 1. The map H x H — /() : (X, y) — [iy,y is real bilinear and symmetric and satis-
fies |ux, I < lxlliyll -

The vectors Poy and Pys\qy are orthogonal to each other. Hence
IPay = Psiayll” = I1Poyll* + 1 Psayll? = [Pay + Prayl® = IPsyI* = IyI° - (7)

Hence by (15), px,y () — px,y (E\Q) = R(x, (Pa — Pxra) ) < I xllyll.

Step 2. Let B € L°(H) such that PoB = BPq for all Q € 8. Then iy = pp+x,y for all
Xx,y€H.

By (15), we have

x,By(Q) = R(x, PaBYy) = R{(x, BPqy) = R(B* X, Pqay) = lip+,y(Q).

Step 3. For every f € B(X), 3!'abounded complex linear operator ¥ (f) that satisfies (16)
and ¥(f) = ¥(f)* and V¥ is a bounded complex linear operator.

Define the real bilinear form By : H x H — R by Bf(x,y) = f fduy,y. Then [Bf(x, y)| <

b
I lpxyll < I FNIXNNyll by Step 1. Hence 3! bounded real linear operator W(f) € L(H)
such that %(x, ¥ (f)y) = Br(x, y). Moreover, Br(x,iy) = —B¢(ix, y) by Step 2 with B = i1,

hence
R(x, ¥(f)iy)=Br(x,iy) =—Byr(ix,y) = -R{ix, V() y) =Rx, iV (N y).

Thus Y(f) is complex linear.

Define ¥(f) = Y(Rf) + i¥Y(Imf) € L°(H), then (16) holds. Since the operators ¥ (R f)
and ¥ (Imf) are self-adjoint, ¥ (f) = ¥ (f)*.

Step 4. Let ¥ be as in Step 3. Then ¥(fg) =¥V (f)¥(g) forall f, g € B(X).
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It suffices to show the case for real valued functions f, g € B(Z,R). Assume g = yq, then
for all Q' € 43,

1pgx,y(Q) = R(Pax, Poy) = R(x, Pa Py y) = R(x, Panar )

:,Ux.y(QﬂQ,) :fo xadpx,y

For all g€ B(Z,R),

fQ gdiy,y = fz gxa dpyxy= fz 8lpox,y = R(Pax,¥(g)y)

= R(x, Pa¥(2))) = taw(g)y(Q)

Further, forall f, g€ B(Z,R),

8?OC;\P(fg)y):‘[zfg d,ux,y:‘[Zf d,ux,‘P(g)y:%<x»\y(f)\y(g)y>-

Step 5. (Y (f)) < f(2).

We prove if A € C\f(Z), then A € p(W(f)). FOr this consider the function g(u) = (1 —
f(w) ™' e B(Z). Since g(w)(A— f(w) =1,

gAM-f(A)=1d,

whence 1 € p(A). O

Examples: Let X~ c C be nonempty and compact, let H = L?(X). Define Pqy = yqy
for w € H, where y denotes the characteristic function of Q2. Define ¥ in Theorem 35 by
Y(f)y = fy. Inthe case £ = [0,1] and f(1) = A when0< A <1 and f(1) =2. We obtain
() =10,1)u{2} and o(¥(f)) = [0,1]. Thus f(Z) is not closed and f () ¢ (¥ () < f(Z).

5.13 Measurable Functional Calculus

The next theorem extends the continuous functional calculus for normal operators to

bounded measurable functions.
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Theorem 36. Let H be a complex Hilbert space, A€ L(H) : A= A* be a self-adjoint operator.

LetX~ = 0(A). Then, there exists a complex linear operator
®,4:B(Z)— L(H), f — f(A),

so that

e Product 1(A) =1, (fg)(A) = f(A)g(A).

* Conjugation f(A) = f(A)*

* Positive If f =0, then f(A) = f(A*) = 0.

e Normalization If f (1) = A, then f(A) = A.
* Contraction || f(A)|| <supyes [fM=1fIl.

* Convergence Let f; € B(Z) with sup;en | fill < oo, and lim f;(A) = f(A), f € B().
1—00
Then lim f;(A)x = f(A)x.
1—00

e Commutative [f AB = BA and A*B = BA*, then f(A)B=Bf(A) forall f € B(X).
* Eigenvector If Ax = Ax, for someA € C and x € H, then f(A)x = f(A)x.

e Spectrum f(A) is normal for all f € B(X), and o(f (A)) < f(o(A)). Forall f € C(X),
o(f(A) = flo(A).

e Composition For f € C(X,R), g€ B(f(X)), go f(A) = g(f(A).

Proof. By Theorem 33, for each x € H, there exists a unique Borel measure i : 8 — [0,00)
such that f [ duy =<x, f(A)x). We define the signed measure p,, : % — R by
b

1
Hx,y = Z(,Ux+y_l~lx—y) (18)

For f € C(Z) and real-valued, is as follows.

Axty fLAAX+ ) —x—y, f(AX—y)

R(x, f(A)y):= , =fzf dpy,y
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On the other hand, the bilinear form By (x, y) = f [ duy,y is symmetric and bounded. So,
b
there is a bounded symmetric operator, call it ¥ 4(f), so that

fzf dity,y = Br(x,y) =R{x, Y a(H) ).

Clearly Y A(f) = f(A) for f € C(X) and real-valued. Most properties are trivial to check

directly, but oespecially so, if one has the convergence property. All one has to do is

* acknowledge that any function f € B(Z) is approximated point-wise by the smooth
functions, f,, := f* y, = n [ f(-— y)x(ny)dy, where y is a smooth compactly sup-
ported function, f)((x)dx =1. Note sup,, [l fullcx) = I fll .

* take into account the corresponding properties for the continuous functional cal-

culus.

* All properties hold for f,, € C(X). Take limits, so they hold for f as well.

We are now checking the convergence property.

Let f, :sup,, | fullz < oo and f,, — f point-wise. Then, for each x, y € H, we have by the
Lebesgue dominated convergence theorem (X is compact, so sup,, || f [z~ < co is enough

domination)

W A(f)x) = fz fepy=lim fz Frdpay,x = Hm(y, W a(fu) ).

This means that W 4(f;,) x converges weakly to W 4(f)x.

But now, again by the Lebesgue dominated convergence theorem

(W A% Y A()x) = X, YA AP x) = (5, Y a(HPa()x)
WAl f1D)a0) = fz |fPdpx =1im fz | fal®dpte = Hm 1 4(f) 11

W A(F)x)?

It follows that W 4(f;;)x converges weakly to W 4(f)x and in addition lim, [V (f,)xll =
' A(f)x|l. In Hilbert spaces, this implies lim,, | o(f)x — ¥ a(f) x|l g = 0, so convergence
is checked. O
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5.14 Cyclic Vectors

The spectral measure can be used to identify a self-adjoint operator on a Hilbert space

with a multiplication operator.

Definition 30. (Cyclic Vector) Let H be a complex Hilbert space and let A= A* € L°(H). A

vector x € H is called cyclic for Aif H = span{A"x|n =0,1,2,...}. If such x exists, then clearly

H is separable.
The next result is the multiplicative form of the spectral theorem for Hilbert spaces
with cyclic vectors.

Theorem 37. Let H be a complex Hilbert space, let A= A* € L°(H). Let X = 0(A) c R, and

let B c 2% be the Borel o-algebra and x € H be a cyclic vector for A. Then the following
holds.

(1) There is a unique Hilbert space isometry U : H — L?(Z, 1) such that U 'y = yw(A)x
forally e CZ).

) Let f be a bounded Borel measurable function. Then Uf(A)U ‘v = fy forally €
L*(Z, fiy).

(3) U in part (1) satisfies (UAU 1) () = Ay ().

(4) If Q c X is nonempty and (relatively) open, then p1,(€2) > 0.

Basically, the theorem says that A is unitarily equivalent to a multiplication operator
(by x) on an L2 based space.

Examples:

* Let u be a Borel measure on X such that every nonempty relatively open subset of
< has positive measure. Define A: L?(Z, u) — L*(Z, u) by (Ap)(A) = Ay (L), for L€ X.
Then A is self-adjoint and o (A) = .

* Let H be a complex Hilbert space, let A= A* € L°(H). Then A admits a cyclic vector

if and only if A is injective and Ej = ker(A1— A) has dimension one for A € Po(A).
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e Let A= A" € C"™" be a Hermitian matrix and e;,...e,, be an orthonormal basis of
eigenvectors, so Ae; = A;e;. Thus Z = 0(A) = {A1,..4,}. Assume A; # Aj for i # j.
Then

- f(Ax=XL, f(A){e;, x)e; for f:Z—C.
_Zf(%’)-

- x=3", e;isacyclic vector and that u, =Y" , 8,,, so f fduyx=
z i=1
- Let U be the isometry in Theorem 37, then (Ux)(A;) = (e;,x) and U_llll =

Y wAie; for y e L*(Z, uy).

* Let H be an infinite-dimensional separable complex Hilbert space and let A= A* €
L°(H). Assume that (e;);en is an orthonormal basis of eigenvectors of A, so Ae; =

Aiei, ;i €R. Thus sup;cn|Ai| <ocoand Z = {A;|i e N}. Assume A; # A for i # j. Then

o0
- f(A)x= Zf(/li)(ei,x)ei, for any bounded f: X — C.
i=1

- If X2, ef < oo, then x =372, €;e; is cyclic for Aand py =372, e?é‘;ll..

— Then the map v — (y¥(A;));en defines an isomorphism
L*(Z,u0) 2= 02, ief-lmlz < oo}.
i=
Then U is given by (U™'y) = ¥, €;¢/(A;)e;. Then the operator A := UAU ' is
given by n— (Ain;)ien.
* Consider the Hilbert space

H=1*Z,0)={x=(xp)nez €C* Y |xnl* < oo},
n=-o00

and define A: H— H by Ax = (X;—1+ Xp+1)nez for x = (x)nez € H. Thus A= L+ L",

where Lx = (X;,11) nez- €i = 0in)nez, i € Z form an orthonormal basis of H.

— Define ® : H — L%([0,1]) by (®x)(£) = ¥,z €2""* x,,. Then @ is an isometric
isomorphism and
(@ADL ) (1) =2cos@nt) f(1)

- Po(A=¢and Z=0(A) =[-2,2].
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6 Unbounded Operators

6.1 Unbounded Operators on Banach Spaces

Definition 31. (Unbounded Operator)

Let X and Y are Banach spaces (real or complex). A pair (A, dom(A)) is called an un-
bounded linear operator. Here, A: dom(A) — Y is a linear map and dom(A) c X is a linear

space.

A is densely defined if its domain is a dense subspace of X. A is closed if its graph is a

closed linear subpace of X x Y, where graph(A) = {(x, Ax)| X € dom(A)}.
Equivalently, A is closed, if whenever x, € D(A) and (x,, Ax,) — (x,y), then x € D(A)
and y = Ax.

Remark: The case dom(A) = X is included in the Definition (31). In this case, the
Closed Graph Theorem implies that A has a closed graph if and only if A is bounded.

We focus on the case that the domain dom(A) is proper subspace in X.

Definition 32. We say that A is closeable, if there exist an extension A that is a closed

operator. That is, there is D(A) > D(A) and A|pa) = A.

Proposition 15. A: D(A) c X — Y iscloseable if and only if for all x,, € D(A), y € X, so that

Xp —0,Ax, — y, we have y = 0.

Examples:

e Let X = C([0,1]). Then Af := f’, dom(A) = C'([0,1]) defines an unbounded oper-

ator with a dense domain and a closed graph.

* Let H be a separable Hilbert space. Define the operator

o0
Aj:dom(Ay) — H, Apx:= Z Aiei, x)e;,
i=1
where dom(Ay) = {xe H: Y22, |1; {e;, x) |2 < oo} and (e;) ;e is an orthonormal basis.

It is an unbounded operator with a dense domain and a close graph.
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e Let X = LP(R,C). Define the operator

d
Af = d—f, dom(A) = W'P(R,C) = {fe LP: f' e LP}.
s
The operator has a closed graph and it has a dense domain for 1 < p < co.
e Let 1 < p < oco. The Laplace operator A : WP (R") — L”(R") has a closed graph.

e Letl < p<ooand (M, A, u) be a measure space. The multiplication Operator
Ap:domAs — LP(u) Apy:=fy, dom(Af)={ye L’ (), fyeLP(w).

has a dense domain and a closed graph.

6.2 The Spectrum of an Unbounded Operator

We restrict the discussion to operators with closed graphs in this section.

Definition 33. Let A: dom(A) — X be an unbounded linear operator with a closed graph.
The spectrum of A is defined as 0(A) = Po(A) U Ro(A) U Co(A), here Po(A),Ro(A) and
Co (A) are defined in Chapter 5.

The next lemma is about the resolvent operator. The resolvent identity of Lemma (16)

also holds for unbounded operators.

Lemma 20. Let X be a complex Banach space and let A : dom(A) — X be an unbounded

linear operator.
o Letpe p(A), AeC such that|A—pu||(u—A) " < 1. Then A € p(A) and

A=A =Y (@w-Vfp-a"*"
k=0

* LetA,u€ p(A), then Ry(A), R, (A) commute and

R(A) = Ry(A) = (- DRy (A)Ry(A).
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Definition 34. Let X be a complex Banach space and let A be an unbounded operator with
a closed graph. If p(A) # @ and Ry (A) = (A— A)~! € L(X) is compact for all A € p(A), then A

is said to have a compact resolvent.

Theorem 38. Let X be a complex Banach space and let A be an unbounded operator with
compact resolvent. Then o(A) = Po(A) is a discrete subset of C = {A,}, without finite point
of accumulation and the propertylim,|A,| = co. Finally, the generalized eigenspace cor-

responding to an eigenvalue 1, E := U ker(A - AK is finite dimensional.

6.3 Spectral Projections

Definition 35. Let A be an unbounded complex operator with a closed graph on a complex
Banach space X and let X c 0(A) be compact. If 0(A)\Z is a closed subset of C, then X is
called to be isolated, if there is an open set U c C, a neighborhood of Z, so thato(A)NU = X.

Lety be a curvein U, so that Z belongs to its interior. In addition, we require that

1 dz { 1 Aex

ndyM=5mil 22710 rec\u

We define the operator ¢(f) € L(X),
1 _ o)
Palf) = Znif,,f(z)(z A dz.
Heuristically, p o(f) = f(A).

Theorem 39. Let X, A,Z,U be as in Definition 35. Then, for every f,g € H(U),

(D) ¢(f+8) =d(f) +P(g) and p(fg) = (HP(g).
2) o) = f(2).
3) glp(f) =p(go f)).

(4) The operator
1
Ps:=¢(lx)=— | (z-A)'d
z:=¢(1z) 2nify(z ) dz
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is a projection operator. Xy = ImPy is an invariant subspace for A. In addition Ay :=
APy : X3 — Xy is a bounded operator, with o(As) = Z. Finally, the holomorphic
functional calculus for the bounded operator As is as follows f(As) = G A(f1s).

Lemma 21. If A: D(A) c X — Y is closed operator, then Ker(A) = {x € D(A): Ax=0}isa
closed subspace of X.

6.4 Dual operators

We discuss dual operators in this section.

Definition 36. Let X and Y be Banach spaces(real or complex), and let A be an unbounded

operator with a dense domain D(A). The domain of the dual operator is defined as follows
D(A") ={y*eY*:Vxe D(A):|{Ax,y*)| < Cllx| x}.

In such a case, by the density of D(A), one can find an unique functional x* € X*, so that

(x*,x) =(y*, Ax). We set A*y* := x*. In other words, the dual operator is defined
(A*y*, x) =(y", Ax).

Theorem 40. (Basic properties of the adjoint operator) Let X, Y, A be as in Definition 36.
Then

(1) A* is closed.
(2) Letxe Xandy€ Y. Then

(x,y) € graph(A) <> (y*,y) = (A*y*,x), Vy* e D(A").
(3) A is closeable <> D(A") is weak™ denseinY*.

(4) Im(A)* =ker(A*). If A has a closed graph, then +Im(A*) = ker(A).

(5) A has a dense image < A* is injective.
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(6) If A has a closed graph. Then
Ais injective < A" has aweak” dense image.

Theorem 41. (Closed Image Theorem for unbounded operators) Let X,Y, A be as in Defi-

nition 36, and A is closed, then the following are equivalent.

(1) Im(A) =t ker(A*).
(2) Im(A) is a closed subspace of Y .

(3) dc >0,
Aipf0||x+£|| < cllAxll, forall x € D(A).
s:

4) Im(A*) =ker(A)".

(5) Im(A*) is a weak™ closed subpace of X*.

(6) Im(A™) is a closed subspace of X*.

(7) ¢ >0,

*iy?*f:o ly* +n* Il <clA*y* |, for ally* € D(A").

A

Remark: We have identical theorem for bounded operators, Theorem 19. Clearly, The-
orem 19 is a corollary of Theorem 41, as one can apply Theorem 41 to a bounded operator
A. On the other hand, Theorem 19 plays a big part in the proof of Theorem 41, especially
in establishing that having Im(A*) closed implies that Im(A) is closed.

Corollary 9. Let X, Y, A be as in Definition (36), and A is closed. Then A is bijective if and
only if A* is bijective. Then A™': Y — X is bounded and (A*)™! = (A™1)*.
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A Finite dimensional subspaces of a Banach space

We show that every finite dimensional subspace of a (real) Banach space is isomorphic to
R".

Proposition 16. Let X be a real Banach space and x,, ..., X, be a finite family of linearly

independent vectors in X. Then, X,, = spanlxi,..., X,] is a Banach space isomorphic toR".

In particular,

Ajxjlx (19)

n n
=1

cll Y Ajxjllx < max |A;| < C|
j=1 l=j<=n

J
B Dual families

Th next Proposition provides the existence of a finite dual family of vectors.

Proposition 17. (see Corollary 2.3.4) Let X be a real Banach space and x,, ..., x, be a finite
family of linearly independent vectors in X. Then, there exists a family of vectors xj, ..., X, €

X*, so that
1 i=j

<xjyxi>:{ 0 l?f]

Remark: This is a generalization of a corollary of Hahn-Banach, which we use fre-
quently. Namely, for every x € X, there is x* € X* : || x*| = 1, so that (x*,x) = | x|, see
Corollary 6. Here, we have a family of vectors, whose norms are unknown, but keep in

mind that it is usually the case that max; <<, | x;f | x+ is growing with n.

C Finite dimensional subspaces/finite co-dimension sub-
space of a Banach space are complemented

The next result is almost an immediate consequence of Proposition 17, see also the con-

struction of K in the proof of Lemma 11.
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Proposition 18. Let X be a Banach space and X, be a finite dimensional subspace of X.

Then, X, is complemented. That is, there exists a closed linear subspace Y c X, so that
X=XyoY.

Equivalently, there is a projection operator P : X — Xy, i.e. an P?> = P. Note that Q = [ — P
also satisfies Q* = Q and then, Y = Im(Q).

Let Y be a finite co-dimension subspace of X, i.e. dim(X/Y) <oo. Then, Y is comple-

mented.

D Small perturbations of invertible operators are still in-
vertible

Lemma 22. Let A: X — Y be bounded and invertible linear operator. Then, there exists

€ =€(A) so that foreach B: X — Y, | Bll <€, we have that A+ B is also invertible.

1

Remark: In fact, one may take € = AT
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